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Utilizing  symmetry  and  extensive  data  sets,  it  is  possible  to  extract  three-dimensional 
distributions  from  two  dimensional  data.  Numerically,  these  inversions  are  unstable  and 
prone  to  magnify  noise.  However,  noise  amplification  can  be  controlled  by  careful  addition 
of  artificial  smoothing  within  the  numerical  inversion  algorithm.  The  precept  of  Tikhonov 
regularization  is  that  a  unique,  stable  solution  to  a  deconvolution  may  be  achieved  by  mini¬ 
mizing  a  constrained  smoothing  function.  Fundamentally,  this  will  generate  a  stable,  single 
valued  solution  only  so  long  as  the  uncertainty  of  the  iterated  solution  does  not  exceed 
the  uncertainty  (noise)  of  the  original  data.  Within  these  constraints,  the  algorithm  is 
relatively  insensitive  to  noise.  Using  Tikhonov  deconvolution,  it  is  possible  to  determine 
radial  profiles  from  line  integrated  measurements.  A  preliminary  evaluation  of  the  decon¬ 
volution  scheme  was  made  with  a  biased  tungsten  wire  acting  as  a  Faraday  probe.  After 
the  deconvolution  method  was  assessed,  it  was  applied  to  a  spectroscopic  survey  of  relative 
xenon  neutral  line  intensities  in  the  near  infrared.  The  radially  resolved  emission  ratios 
provide  a  three-dimensional  estimate  of  the  plume  electron  temperature  using  a  published 
xenon  collisional  radiative  model. 


I.  Introduction 

The  Hall  thruster  is  a  high  specific  impulse  electric  thruster  that  produces  a  highly  ionized  plasma  inside 
an  annular  chamber  through  the  use  of  high  temperature  electrons  confined  by  a  radial  magnetic  field  across 
an  axial  electric  field.  The  characteristics  of  the  near  field  plasma  are  of  immediate  importance  to  improving 
and  understanding  thruster  operation  and  spacecraft  integration.  Accurate,  non-intrusive  measurements  of 
near  field  plume  properties  are  important  for  both  device  and  plume  model  validation. 

The  computed  tomographic  reconstruction  of  images  from  line-of-sight  measurements  has  found  widespread 
use  in  various  forms  of  non-intrusive  diagnostics.  Many  test  environments,  however,  allow  only  limited  views 
of  the  subject,  leaving  the  problem  woefully  underdetermined.  In  these  applications,  a  meaningful  solution 
typically  requires  some  prior  knowlege  of  the  system.  In  emission  spectroscopy,  radial  emission  profiles  are 
often  obtained  from  projected  radiation  intensity  measurements  of  an  optically  thin  and  cylindrically  sym¬ 
metric  plasma.1,2  Such  a  problem  can  be  solved  analytically  by  the  Abel  integral  equations.  In  the  discrete 
case  presented  by  experimental  data  the  Abel  inversion  suffers  by  requiring  the  inherent  noise  amplification 
of  differentiation. 
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Many  methods  have  been  devised  to  minimize  this  sensitivity  to  noise.3,4  Several  procedures  involve 
fitting  the  data  with  a  smooth  function  before  solving  the  Abel  inversion  analytically,  with  fitting  techniques 
ranging  from  Taylor  series  to  piecewise  cubic  splines.2, 5-7  Another  method,  adopted  here,  frames  the  problem 
as  a  discrete  first  order  Fredholm  integral,  inverted  by  Tikhonov  regularization,  thus  eliminating  the  need  for 
differentiation.8  A  simple  Tikhonov  regularization  algorithm  is  put  forth  here  with  the  purpose  of  spatially 
resolving  measurements  of  the  cylindrically  symmetrical  plume  of  a  Hall  thruster. 

The  most  commmon  diagnostic  of  Hall  thruster  plumes  is  some  variation  of  the  electrostatic  probe. 
Through  analysis  of  the  current- volt  age  characteristics  of  the  plasma,  the  electrostatic  probe  can  be  used  to 
determine  fundamental  plasma  properties.9  Electrostatic  probes  are  of  simple  design  and  are  relatively  easy 
to  implement,  but  become  problematic  in  the  extreme  conditions  near  the  exit  plane.  High  temperatures 
and  densities  in  the  near  field  and  the  prominence  of  thruster  magnetic  fields  can  deletiriously  affect  the 
probe,  which  itself  induces  perturbations  in  the  local  plasma,  and  the  interpretation  of  the  cur  rent- volt  age 
characteristics. 

Optical  techniques  may  be  employed  to  avoid  these  pitfalls.10-12  Emission  spectroscopy  is  a  useful  non- 
invasive  diagnostic,  but  it  is  typically  limited  to  line-of-sight  interrogations.  Here,  we  use  spectroscopic 
measurements  deconvolved  via  Tikhonov  regularization  to  map  out  the  radial  and  axial  plume  emissions  in 
the  near  infrared  spectrum.  The  collisional  radiative  model  (CRM)  of  Karabadzhak  et  al.  was  applied  to 
determine  the  electron  temperature  distribution  of  the  near  field  of  a  low  power  Hall  thruster.13  The  spectro¬ 
scopic  measurements  were  performed  following  the  construction  of  a  new  electrostatic  probe  which  provided 
an  initial  assessment  of  the  applicability  of  Tikhonov  regularization  to  Hall  thruster  plume  measurements. 
The  probe,  which  consists  of  a  taut,  partially  insulated  tungsten  wire,  biased  to  the  ion  saturation  regime 
(-30  V),  acts  as  a  Faraday  probe  integrated  along  the  line-of-sight  of  the  optical  system. 

II.  Inversion  and  Regularization 

The  Abel  integral  may  be  derived  from  a  simple  geometric  case  as  illustrated  in  Fig  1.  The  radially 
dependent  function  of  interest,  /(r),  is  represented  at  a  given  axial  location  by  a  circle  of  radius  R ,  where 
f(r  >  R)  =  0.  The  measured  value,  b(y),  is  simply  f(r)  integrated  along  x.  If  the  function  is  symmetric 
about  the  y-axis,  the  measured  value  is  related  to  the  unknown  function  by  Eqn  1.  The  common  form  of 
the  Abel  integral,  shown  in  Eqn  2,  is  obtained  by  converting  r  to  its  Cartesian  components. 


Figure  1.  Parallel  beam  geometry  through  a  cylindrically  symmetric  test  section 
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The  Abel  inversion,  given  in  Eqn  3,  is  an  exact  analytical  solution  of  /(r).1  As  previously  noted, 
experimental  data  are  discrete  and  contain  inherent  random  errors  which  often  lead  to  large  oscillations 
when  differentiated.  The  ill-posed  nature  of  the  problem  precludes  the  use  of  simple  analytical  numerical 
methods,  such  as  linear  least  squares  or  LU  decomposition,  and  instead  necessitates  the  inclusion  of  noise 
dampening  within  the  solution  procedure. 
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Equation  2  is  a  Fredholm  integral  of  the  first  kind  which  has  the  matrix  form  shown  in  Eqn  4,  where  A 
is  the  kernel,  and  b  is  the  known  convolution  of  the  kernel  and  some  unknown  function  of  abitrary  size.  We 
formulate  the  kernel  using  a  common  collocation  method,  likened  to  concentric  shells  of  constant  /^,  shown 
in  Eqn  5,  resulting  in  the  discrete,  right  triangular  kernel  of  Eqn  6.8, 14,15  A  well  formed  kernel  is  essential 
to  the  success  of  deconvolution,  which  has  led  to  the  accumulation  of  literature  on  its  analysis,  particularly 
through  singular  value  decomposition.16  18 
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The  classical  regularization  method  developed  by  and  named  after  Andrei  Tikhonov  finds  a  stable  solution 
to  the  inverse  problem  by  balancing  the  quality  of  fit  with  a  smoothing  constraint.  The  most  general  form  of 
Tikhonov  regularization  is  the  minimization  problem  shown  in  Eqn  7,  where  A  is  a  regularization  parameter 
greater  than  zero,  L  is  a  regularization  operator,  and  /o  is  an  a  priori  estimate  of  the  unknown  function, 
here  set  to  zero.19  The  formal  solution  proposed  by  Tikhonov  is  shown  in  Eqn  8. 
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The  regularization  operator  is  left  to  the  discretion  of  the  user,  but  is,  in  its  standard  form,  some  order 
of  discrete  approximation  to  the  derivative.  The  zeroth  order  operator  is  simply  the  n  x  n  identity  matrix, 
and  is  used  to  limit  the  size  of  the  solution.  The  first  order  operator,  adopted  here,  is  the  (n-1)  x  n  band 
diagonal  matrix  shown  in  Eqn  9,  which  may  be  used  to  constrain  the  solution  towards  a  constant.8,20  Higher 
order  operators  have  also  found  application,  however  the  first  order  operator  is  sufficient  for  our  case,  which 
assumes  diffusion  in  the  plasma  will  tend  to  minimize  gradients  in  the  plume. 
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Choice  of  the  regularization  parameter  is  one  of  the  more  controversial  aspects  of  Tikhonov  regularization. 
A  number  of  optimization  techniques  exist,  each  with  their  own  benefits  and  dr awacks.8, 17,21  This  work 
makes  use  of  a  simple  and  visually  elucidating  aid  known  as  the  L-curve.  The  L-curve  is  produced  by  plotting 
the  smoothing  norm,  \\L(f  —  /o)||,  versus  the  residual  norm,  || Af\  —  b\\,  on  a  log-log  axis  for  various  values 
of  the  regularization  parameter.  Figure  3  shows  an  example  L-curve,  which  provides  a  visual  representation 
of  the  trade-offs  between  the  smoothing  constraint  and  the  least  squares  solution.  Most  theories  propose  an 
optimal  parameter  exists  at  the  “corner”  of  the  L-curve,  but  studies  have  shown  that  this  tends  to  oversmooth 
the  solution.19 

Several  test  cases  were  run  using  our  Tikhonov  deconvolution  algorithm,  in  order  to  examine  the  efficacy 
of  the  L-curve  and  routine  parameters  in  general.  The  first  test  case  examined  was  detailed  by  Holloway 
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Figure  2.  Deconvolution  results  for  Holloway  test  case  with  3%  Gaussian  noise 


et  al.  as  a  test  for  their  Abel  inversion  routine.  It  simulates  a  cylindrically  symmetric  plasma  emission 
coefficient  given  by  the  sixth  order  polynomial  test  function  in  Eqn  10. 8  The  second  test  case  studied  made 
use  of  a  normalized  Gaussian  curve,  with  a  FWHM  of  N/2,  to  simulate  the  large  gradients  expected  in  the 
near  field  of  the  Hall  thruster  plume. 


f(r)  =  1  +  10r2  -  23 r4  +  12r6  (10) 

The  results  of  our  first  order  Tikhonov  deconvolution  for  the  Holloway  test  case  (M=N=100),  with  3% 
random  Gaussian  noise  added  at  each  point,  are  shown  in  Fig  2  along  with  the  simulated  values  of  b  and 
the  analytically  exact  solution.  The  L-curve  for  this  particular  case  is  shown  in  Fig  3,  where  the  boxed 
regularization  parameter  is  the  so-called  corner  and  the  circled  point  corresponds  to  the  minimal  error 
solution,  lending  credance  to  the  theory  that  the  L-curve  corner  may  result  in  an  oversmoothed  solution. 


Figure  3.  L-curve  for  Holloway  test  case  with  3%  Gaussian  noise 


The  size  of  the  solution  (N)  is  also  left  to  the  discretion  of  the  user  (so  long  as  N<M),  so  N  was  varied  to 
determine  its  effects,  if  any,  on  convergence.  A  plot  showing  the  true  residual  norm  and  optimal  regularization 
parameters  normalized  by  N  as  functions  of  N,  averaged  over  50  samples  of  the  Holloway  test  case  with  3% 
added  noise  and  M=100,  is  shown  in  Fig  4.  The  results  show  that  the  accuracy  of  the  best  solution  is 
generally  independent  of  size  for  N  greater  than  20%  of  M. 
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Figure  4.  Normalized  residual  and  regularization  parameter  versus  solution  size  for  Holloway  test  case  with 
3%  Gaussian  noise 


The  effects  of  noise  on  our  solution  was  investigated  by  varying  the  percentage  of  added  Gaussian  noise. 
The  regularization  parameter  yielding  the  smallest  residual  between  our  deconvolved  solution  and  the  analyt¬ 
ical  solution  is  shown  versus  noise  in  Fig  5,  averaged  over  10  samples  of  the  Holloway  test  case  at  M=N=100. 
The  rise  in  the  value  of  the  regularization  parameter  with  noise  is  expected  since  more  smoothing  is  necessary 
as  the  data  loses  fidelity.  The  total  error  in  the  data  can  be  described  by  the  residual  norm  between  the 
ideal  right  hand  side,  6°,  and  the  noisy  data,  bnmse.  The  total  error  is  plotted  alongside  the  residual  norm 
from  the  L-curve  in  Fig  5  for  varied  levels  of  noise.  The  equivalence  of  these  two  norms  is  predicted  by  V.A. 
Morozov’s  discrepancy  principle.22  The  discrepancy  principle  can  be  used  to  select  the  optimal  regularization 
parameter  when  the  error  in  the  data  can  be  accurately  bounded,  as  illustrated  in  Fig  5. 


Figure  5.  Optimal  regularization  parameter  versus  added  noise  for  Holloway  test  case 


The  second  test  case  used  was  a  Gaussian  distribution  with  Gaussian  noise  added  point  by  point.  The 
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exact  analytical  solution  (0%  noise)  was  calculated  using  Eqn  3.  Sample  deconvolution  results  are  shown  in 
Fig  6  using  both  the  optimal  and  L-curve  derived  regularization  parameter,  with  the  L-curve  itself  displayed 
in  Fig  7,  for  M=N=100  at  3%  noise.  The  Gaussian  test  case  demonstrates  the  tendency  of  the  regularization 
algorithm  to  underestimate  the  peak  in  order  to  dampen  oscillations  elsewhere.  The  Gaussian  and  Holloway 
test  cases  represent  the  distributions  expected  in  the  thruster  plasma.  The  Holloway  test  case  demonstrated 
that  for  small  gradients  we  can  reliablly  choose  the  L-curve  corner  for  slightly  oversmoothed  solutions,  while 
the  Gaussian  case  led  to  the  expectation  of  underestimated  peak  heights  when  using  the  L-curve  corner  to 
regularize  large  gradients. 


Figure  6.  Deconvolution  results  for  Gaussian  test  case  with  3%  Gaussian  noise 
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Figure  7.  L-curve  for  Gaussian  test  case  with  3%  Gaussian  noise 


III.  Experimental  Setup 


A.  Hall  Thrusters 

The  Hall  thruster  examined  in  this  study  is  the  200  W  Busek  Company,  Inc.  BHT-200  laboratory  Hall 
thruster,  shown  integrated  inside  AFRL  Chamber  6  in  Fig.  8  with  the  wire  probe  at  its  lateral  origin.  The 
nominal  thruster  operating  conditions  are  shown  in  Table  1.  A  prominent  feature  of  this  Hall  thruster  is  the 
central  nose  cone,  which  protrudes  about  7mm  from  the  exit  plane,  impeding  the  collection  of  light  near  the 
measurement  origin.  A  more  detailed  description  of  the  Hall  thruster  is  given  elsewhere.23 

0.5  mm  Dia.  Tungsten  Wire 


Alumina  Tubing/lnsulator 


Figure  8.  Hall  thruster  installed  in  Chamber  6  with  the  thin  wire  ion  flux  probe 


B.  Laboratory  Facilities 

All  testing  was  performed  in  Chamber  6  at  the  Air  Force  Research  Laboratory  Electric  Propulsion  Laboratory 
at  Edwards  AFB,  CA.  This  chamber  is  constructed  of  nonmagnetic  stainless  steel  with  a  1.8  m  diameter 
and  3.0  m  length.  Four  single  stage  cryo-panels  (^25  K)  and  one  50  cm  two  stage  cryo-pump  (<12  K) 
provide  a  measured  pumping  speed  of  32,000  1/s  on  xenon.  The  chamber  is  roughed  by  an  oil  free  Stokes 
mechanical  pump  and  blower.  Background  pressure  in  the  chamber,  measured  by  an  ionization  gauge, 
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Anode  flow 

840  iig/s  (Xe) 

Cathode  flow 

98  ng/s  (Xe) 

Anode  potential 

250  V 

Anode  current 

0.85  A 

Keeper  current 

0.5  A 

Magnet  current 

1.0  A 

Heater  current 

3.0  A 

Table  1.  Hall  thruster  nominal  operating  conditions23 


reached  a  maximum  of  0.8  mPa,  corrected  for  xenon,  during  Hall  thruster  operation.  Graphite  panels  were 
installed  on  several  interior  surfaces  as  a  precautionary  measure  to  minimize  sputtering  from  the  stainless 
steel  chamber  walls. 

The  thruster  was  installed  on  a  three-axis  positioning  system,  comprising  of  three  orthogonal  translation 
stages  controlled  through  a  National  Instruments  interface.  In  this  study,  only  the  y  and  z  axes  were  used. 
The  y-axis  translation  stage  moves  the  thruster  to  different  positions  above  and  below  each  of  the  stationary, 
line-of-sight  probes,  while  the  z-axis  stage  controls  the  axial  separation  of  thruster  and  probe. 

C.  Diagnostic  Apparatus 

The  inversion  method  described  is  used  to  spatially  resolve  data  from  a  thin  wire  ion  flux  probe  as  well  as 
line-of-sight  spectroscopic  measurements.  The  thin  wire  ion  flux  probe  was  developed  as  a  precursor  to  the 
spectroscopic  measurements,  in  order  to  assess  the  inversion  algorithm. 

The  wire  probe,  shown  in  Fig  8,  consists  of  66  cm  of  0.5  mm  diameter  tungsten  wire  in  tension,  insulated 
at  each  end  by  11  cm  of  alumina  tubing,  leaving  44  cm  of  the  wire  exposed  to  the  plasma  plume.  The  tungsten 
wire  was  biased  to  -30  V  with  respect  to  the  chamber,  in  order  to  only  collect  current  in  the  ion  saturation 
regime.  The  collected  current,  which  was  averaged  over  ten  samples  at  each  position,  is  proportional  to  the 
integrated  current  density  and  the  area  over  which  it  is  collected.  The  bare  wire  length  was  determined  by 
the  range  of  the  y-axis  stage  and  the  need  to  ensure  the  current  collected  at  y=R  approached  zero. 

Line  integrated  emission  measurements  were  obtained  using  an  Ocean  Optics  USB2000  Spectrometer  (42 
mm  focal  length,  400-1100  nm,  2048  elements).  The  spectrometer  was  attached  to  an  air-spaced  doublet 
collimator,  optimized  for  650-1050  nm,  via  one  of  two  fiber  optic  cables  (50  /im  or  600  /im  diameter).  The 
collimator  viewed  the  plasma  through  a  glass  viewport,  with  a  field  stop  (^3  mm)  placed  82  cm  from  the 
collimator  and  28  cm  from  the  thruster  central  axis,  as  shown  schematically  in  Fig  9.  The  beam  divergence 
through  the  optical  assembly  was  tested  with  a  HeNe  laser,  which  revealed  a  3  mm  diameter  beam  on  the 
thruster  side  of  the  aperture,  with  a  divergence  half  angle  of  3°  for  the  600  fi m  fiber.  An  approximately  3 
mm  diameter  beam  was  measured  with  the  50  /im  fiber,  with  negligible  divergence  up  to  50  cm  from  the 
aperture. 

A  wavelength  calibration  was  performed  using  a  mercury  discharge  lamp  and  an  intensity  calibration  was 
performed  using  a  calibrated  200  W  quartz  halogen,  tungsten  filament  lamp  placed  in  the  position  of  the 
thruster,  and  measured  through  the  optical  apparatus.  The  standard  deviation  in  intensity  measurements 
between  820  and  830nm  were  less  than  1%  after  calibration  with  the  600  /i m  fiber,  and  less  than  3%  with 
the  50  /im  fiber.  All  optical  measurements  were  corrected  for  dark  noise  and  normalized  by  integration  time. 

The  line-of-sight  intensity  measurements  from  the  spectrometer  were  spatially  resolved  by  the  inversion 
method  for  several  near  infrared  (NIR)  lines  with  a  dependence  on  electron  temperature,  enumerated  by 
Karabadzhak  et  al.13  The  intensity  ratio  between  the  lines  at  823.2  and  828.0  nm  was  modelled  for  the 
200  W  thruster  operating  conditions  as  a  function  of  electron  temperature.  The  results,  which  can  yield 
temperature  estimates  from  1  to  20  eV  with  confidence,  are  displayed  in  Fig  10. 24  The  curve  in  Fig  10  shows 
low  sensitivity  to  error  for  temperatures  between  about  1  and  4  eV.  When  the  temperature  exceeds  ^8  eV, 
a  3%  error  in  the  measured  intensity  ratio  can  result  in  more  than  6%  error  in  the  calculated  temperature. 
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Figure  9.  Optical  apparatus  for  Hall  thruster  emission  spectroscopy 


Calculated  electron  temperature  dependence  of  the  intensity  ratios  of  the  Xel  828.0  and  823.2  nm 
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IV.  Results 


The  wire  probe  provides  a  straight  forward  method  for  gauging  how  symmetric  the  ion  current  is  about 
the  thruster  central  axis.  A  survey  of  the  Hall  thruster  plume  revealed  only  minor  asymmetry  between 
the  cathode  and  non-cathode  sides  at  axial  distances  from  1  to  9  times  the  outer  diameter  of  the  annulus 
(OD=3.2  cm)  downstream  of  the  exit  plane.  The  mildness  of  the  asymmetry  allows  application  of  the  Abel 
kernel  to  the  average  of  the  two  sides  for  axial  positions  downstream  of  the  cathode  (z>0.85  OD). 

Measurements  made  by  the  wire  probe  close  to  the  thruster  contained  high  gradient  central  peaks.  This 
complicated  application  of  the  inversion  algorithm.  The  L-curve  for  the  first  order  Tikhonov  would  not 
converge  on  an  optimal  parameter  because  the  gradients  were  too  large  to  come  to  a  significant  balance  with 
the  least-squares  solution.  The  non- convergence  of  the  L-curve  close  to  the  thruster,  displayed  in  Fig  11,  led 
to  the  use  of  the  discrepancy  principle  to  find  an  appropiate  regularization  parameter.  The  total  error  in  the 
wire  probe  measurements  is  not  known,  so  an  estimate  was  made  that  the  error  in  each  point  was  less  than 
or  equal  to  the  minimum  current  measured  in  the  plume.  The  discrepancy  principle  matched  the  L-curve  in 
promoting  the  use  of  the  unregularized,  least  squares  solution  at  1  OD. 


Figure  11.  Wire  probe  measurements  of  the  Hall  thruster  1  OD  downstream,  with  the  inverse  using  an  optimal 
and  off-optimal  regularization  parameter.  The  L-curve  is  shown  above.  Here  \L-comer=^discrepancy 


At  axial  positions  further  downstream  (z>l  OD),  the  two  parameter  selection  methods  began  to  diverge, 
as  shown  in  Fig  12.  The  L-curve  comes  to  a  very  shallow  corner  near  A=0,  leading  to  an  unsmoothed  solution. 
The  discrepancy  principle  yields  a  non-zero  parameter,  which  over-smooths  the  off-center  peak  given  by  the 
least-squares  solution. 

The  L-curve  finally  converges  to  a  non-trivial  regularization  parameter  at  a  distance  of  9  OD.  At  this 
distance  the  discrepancy  principle  parameter  appears  to  over-smooth  the  solution  once  again,  completely 
removing  the  off-center  peak  in  the  L-curve  solution.  The  discrepancy  principle  parameter  location  on  the 
L-curve  points  to  an  overestimation  of  the  error  in  the  data,  so  the  L-curve  criterion  was  used  to  deconvolve 
the  spatial  image  of  the  plume  shown  in  Fig  14,  with  corrections  made  for  the  current  collection  area. 

Faraday  probe  data  was  available  for  the  Hall  thruster,  at  axial  distances  greater  than  3  OD,  from 
previous  testing  done  in  AFRL  Chamber  6. 25  In  order  to  compare  the  two  data  sets,  collection  area  must 
be  accounted  for  in  the  deconvolved  wire  probe  measurements.  Double  probe  measurements  of  the  thruster, 
also  performed  in  Chamber  6  at  z>3  OD,  support  the  thin  sheath  assumption  near  the  center  of  the  wire,  but 
Debye  lengths  on  the  order  of  the  wire  diameter  were  found  near  the  edges.25  Sheath  thicknesses  ( xs )  were 
estimated  from  Debye  length  (A^)  measurements  using  the  relationship  given  by  Hutchinson  calculated  for 
Xenon  ( xs  ^  5.3A^).26  A  second  order  polynomial  was  then  fit  to  the  sheath  thickness  estimates  in  order  to 
calculate  an  effective  collection  circumference  as  a  function  of  position  along  the  wire.  The  sheath  thickness 
curve- fit  predicted  sheath  sizes  ranging  from  0.1  mm  at  the  center  to  1.6  mm  at  the  edges. 

The  current  densities  deconvolved  from  wire  probe  data  and  normalized  by  collection  area  were  higher 
than  Faraday  probe  measurements  near  the  thruster  centerline  by  25%  on  average,  as  shown  in  Fig  15.  Wire 
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Figure  12.  Wire  probe  measurements  of  the  Hall  thruster  5  OD  downstream,  with  the  inverses  using  the 
L-curve  corner  and  discrepancy  principle.  The  L-curve  is  shown  above. 


Figure  13.  Wire  probe  measurements  of  the  Hall  thruster  9  OD  downstream,  with  the  inverses  using  the 
L-curve  corner  and  discrepancy  principle.  The  L-curve  is  shown  above. 


probe  measurements  outside  of  the  peaks  were  typically  less  than  Faraday  probe  data  by  approximately  10%. 
Most  of  the  uncertainty  in  the  wire  probe  data  comes  not  from  the  inversion  method,  but  the  collection  area 
model.  If  the  minimum  sheath  thickness  from  the  double  probe  (.05  mm)  is  used  instead  of  the  curve- fit 
value,  current  densities  increase  by  9%. 

Following  wire  probe  testing,  the  wire  was  examined  for  evidence  of  erosion.  The  wire  retained  its  0.5 
mm  diameter  near  its  ends,  but  diameters  as  low  as  0.4  mm  were  measured  at  the  probe  center.  Wire  erosion 
was  only  measureable  up  to  one  outer  diameter  from  the  center.  The  total  estimated  area  of  exposed  wire 
decreased  by  only  1.5%  over  roughly  40  hours  of  testing,  assuming  a  monotic  decrease  in  wire  diameter  near 
the  center.  However,  an  estimated  10%  of  the  wire  area  had  eroded  within  1  OD  of  the  center,  the  portion 
where  the  highest  current  densities  were  measured,  with  approximately  2  of  the  40  hours  of  exposure  spent 
within  1  OD  of  the  exit  plane. 
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Figure  14.  Wire  Probe  Data  inversion  for  the  Hall  thruster  using  the  L-curve  corner  and  a  variable  sheath 
thickness 
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Figure  15.  (a) Current  densities  along  the  centerline  given  by  wire  probe  data  inversion  and  Faraday  probe 

measurements  for  the  Hall  thruster  using  the  L-curve  corner  and  a  sheath  thickness  of  0.1  mm  (b)  Radial 
current  density  profiles  at  z=4  OD  from  Faraday  probe  measurements  and  wire  probe  data  inversion  using  a 
variable  sheath  thickness 
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A.  Emission  Spectroscopy 

Spectra  were  recorded  from  -1  to  1  OD  with  1/8  OD  steps  along  the  y-axis,  from  the  exit  plane  to  1  OD 
downstream  at  1/4  OD  increments  using  the  600  /im  fiber.  A  finer  lateral  mesh  was  obtained  with  the  50  /im 
fiber,  at  1/16  OD  increments,  with  axial  measurements  extending  to  5/4  OD  at  1/4  OD  intervals.  Several 
measurements  were  made  in  which  light  collection  was  impeded  by  the  central  nose  cone  of  the  thruster. 
A  new  kernel  was  calculated  for  these  measurements  which  accounted  for  the  effective  optical  path.  A  face 
plate  mounting  bolt  was  removed  from  the  thruster  in  order  to  view  the  nose  cone  at  the  measurement  origin. 

Unlike  the  wire  probe  experiment,  cathode  side  emission  could  not  be  averaged  with  lower  half  data 
due  to  large  asymmetries.  The  823.2  and  828.0  nm  Xel  raw  line  intensity  maps  in  Fig  16  reveal  a  point 
source  at  the  cathode  position  (y~l  OD,  z^0.6  OD)  with  higher  intensities  on  the  cathode  side  for  each  of 
the  two  optical  fibers.  Data  were  typically  taken  at  larger  lateral  steps  with  the  600/rm  fiber,  because  of 
its  larger  cross-sectional  area  of  integration.  Several  data  sets  were  recorded  with  each  fiber  configuration. 
Less  variation  between  tests  was  found  with  the  larger  fiber,  though  both  configurations  experienced  large 
fluctuations  capturing  emission  of  the  non-equilibrium  plasma  at  the  exit  plane. 
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Figure  16.  Raw  823.2  and  828. Onm  Xel  line  intensities  in  the  Hall  thruster  plume.  Measured  through  a  (a) 
50  /i m  diameter  optical  fiber  (b)  600  /im  diameter  optical  fiber  with  a  coarser  mesh. 

The  823.2  and  828.0  nm  line  intensities  were  seperately  inverted,  the  results  of  which  are  shown  in 
Fig  18,  and  the  ratio  of  the  deconvolved  data  was  applied  to  the  curve  in  Fig  10  in  order  to  estimate 
spatially  resolved  electron  temperatures.  The  deconvolution  encountered  the  same  problem  of  L-curve  non¬ 
convergence  discovered  in  the  wire  probe  experiments,  and  once  again  the  unregularized  solution  was  relied 
on  in  most  cases,  as  shown  in  Fig  17.  As  the  measured  intensities  decreased  the  discrepancy  principle 
became  applicable,  always  promoting  more  smoothing  on  the  828  nm  inversions,  as  expected  for  their  lower 
signal-to-noise. 

The  spatially  resolved  temperatures  from  both  fiber  optic  configurations  are  shown  in  Fig  19  and  reveal 
some  similar  trends  and  results.  Both  fibers  measured  high  temperatures  moving  from  the  discharge  chamber 
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Figure  17.  Raw  and  inverted  823.2  and  828. Onm  Xel  line  intensities  in  the  Hall  thruster  plume  are  used  to 
calculate  the  electron  temperature.  Measured  just  beyond  the  nose  cone  tip  (y=0,  z=0.25  OD)  through  a  50 
/im  diameter  optical  fiber. 


towards  the  centerline,  with  more  dramatic  cooling  found  by  the  smaller  fiber  near  the  nose  cone  tip. 
The  largest  discrepancy  between  data  from  the  two  fiber  configurations  occurs  in  the  measurement  of  a 
smooth,  monotonic  axial  decrease  in  temperature  by  the  600  /im  fiber,  as  compared  to  the  largely  oscillatory 
downstream  flow  found  by  the  smaller  fiber.  This  difference  may  be  due  to  the  larger  signal  volume  of  the 
600  /rm  fiber,  which  causes  more  spatial  smoothing  of  the  data. 

Both  optical  configurations  measure  high  temperatures  at  the  exit  plane,  which  approach  BHT-200  device 
plasma  simulation  predictions,  shown  in  Fig  20. 27  The  high  electron  temperatures  near  the  nose  cone  may  be 
related  to  the  high  nose  cone  heating  observed  thermographically  in  a  previous  study,  and  could  greatly  affect 
the  thruster  lifetime  if  temperatures  are  high  enough  to  alter  the  erosion  regime.28  Further  downstream,  the 
optical  temperature  data  more  closely  resemble  Langmuir  probe  data,  displayed  in  Fig  21,  than  the  model. 
Data  from  both  fiber  configurations  predict  higher  temperatures  along  the  centerline  and  lower  temperatures 
downstream  of  the  annulus  than  the  Langmuir  probe,  with  differences  as  high  as  40%. 
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Figure  18.  Inverted  line  intensity  distributions  at  823.2  and  828. Onm  in  the  Hall  thruster  plume.  Measured 
through  a  (a)  50  /im  diameter  optical  fiber  (b)  600  /im  diameter  optical  fiber. 
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Figure  19.  CRM  predicted  temperatures  from  inverted  823.2  and  828. Onm  Xel  intensity  ratios  in  the  Hall 
thruster  plume.  Measured  through  a  (a)  50  /r m  diameter  optical  fiber  (b)  600  /jl m  diameter  optical  fiber,  shown 
with  the  data  mesh  superimposed 
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Figure  20.  HP  Hall  model  predicted  electron  temperatures  for  the  Hall  thruster27 
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Figure  21.  Langmuir  probe  measured  electron  temperatures  for  the  Hall  thruster25 
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V.  Conclusions  and  Future  Studies 


Non-invasive  diagnostics,  usually  limited  to  line-of- sight  measurements,  can  be  spatially  resolved  using 
the  inversion  method  presented  here.  The  inversion  algorithm  was  applied  succesfully  to  several  cases  of 
simulated  data  as  well  as  a  thin  wire  ion  flux  probe,  and  emission  spectroscopy  data.  The  method  is  simple 
to  apply  and  requires  no  other  a  priori  information  than  the  aptness  of  the  cylindrical  symmetry  assumption. 

It  was  shown  that  the  L-Curve  is  useful  for  visualizing  trade-offs  during  regularization,  but  typically 
ineffective  in  its  application  to  the  near-field  of  a  low  power  Hall  thruster  plume.  The  discrepancy  principle 
was  also  found  to  be  useful  in  an  indicative  if  not  practicable  manner.  Both  tools  showed  the  very  near  field 
plume  to  yield  a  signal-to-noise  ratio  high  enough  to  preclude  the  use  of  regularization.  Simulated  test  cases 
demonstrated  the  efficacy  of  the  regularization  method  at  noise  levels  much  higher  than  those  encountered 
experimentally.  Future  studies  of  the  inversion  algorithm  may  include  the  use  of  new  regularization  parameter 
selection  methods,  different  collocations  of  the  kernel,  and  comparison  with  the  explicit  Abel  solution  of  curve 
fits. 

The  wire  probe  provided  an  intriguing  study  of  both  plume  mechanics  and  inversion  methods.  Good 
agreement  was  found  between  deconvolved  wire  probe  measurements  and  spatial  Faraday  probe  data  under 
certain  assumptions  of  sheath  characteristics.  The  physical  processes  involved  in  wire  probe  current  collection 
add  an  as  yet  underdetermined  element  impeding  its  use  as  a  plasma  diagnostic,  though  warranting  further 
study.  The  most  important  precursor  to  further  wire  probe  experiments  is  a  well-defined  model  of  the  thin 
wire  current  collection. 

Future  experiments  will  involve  the  replacement  of  the  thin  wire  with  a  flat  conductive  strip  of  larger 
surface  area  in  an  attempt  to  create  a  more  uniform  sheath.  Excessive  heating  of  the  wire  may  create  an 
unwanted  current  source  due  to  thermionic  emission,  which,  along  with  erosion  and  impingement  effects, 
may  be  mitigated  by  decreasing  plume  exposure  time. 

The  spectroscopic  measurements  provide  insight  into  the  thruster  plasma  in  a  non-invasive  manner. 
CRM  derived  temperature  measurements  were  reliably  obtained  in  the  high  signal-to-noise  regions  along  the 
thruster  axis  in  the  near-field,  although  data  typically  exceeded  the  on-axis  values  expected  by  simulations 
and  Langmuir  probe  analysis.13,25  General  temperature  distribution  trends  were  shown  to  be  largely  unaf¬ 
fected  by  alterations  in  the  optical  configuration.  The  CRM  is  currently  limited  in  its  range  and  accuracy, 
but  as  the  model  expands  so  too  will  the  applicability  of  this  diagnostic. 

Further  analysis  of  the  spectroscopic  results  is  underway,  in  order  to  complete  the  characterization  of 
errors  in  the  current  system.  The  effects  of  the  optical  geometry  are  yet  to  be  fully  quantified,  as  are  the 
uncertainties  involved  in  the  deconvolving  of  temperature  from  intensity  ratios.  Tikhonov  regularization 
may  also  be  used  to  deconvolve  line  shapes  from  the  instrument  function  of  the  spectrometer. 

Future  optical  tests  may  use  different  combinations  of  lines  to  infer  temperatures  as  well  as  different 
viewing  angles.  CCD  images  were  obtained  with  filters  intended  to  separate  the  lines  at  823.2  and  828.0  nm, 
but  were  unsuccesful.  Future  tests  may  make  use  of  a  properly  filtered  CCD  camera  for  temporal,  spatially 
resolved  temperature  measurements. 
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